Chapter 6

Normal Probability
Distributions

§ 5.1

Introduction to
Normal Distributions
and the Standard
Distribution

A continuous random variable has an infinite number of
possible values that can be represented by an interval on
the number line
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The prebability distribution of a continuous random

variable is called a continuous probability distribution,

Properties of a Normal Distribution |

|1 The mean, median, and mode are equal.

2. 'The normal curvs is bell-shaped and symmetric about ‘
the mean.

3. The total area under the curve is equal to cne,

4. The normal curve approaches. but never touches the x |

axis as it extends farther and farther away from the
mean

5. Between p — o and p + o {in the center of the curve), the
graph curves downward. The graph curves upward to
the left of p = 0 and to the right of p + 0. The points at
which the curve changes from curving upward to

The most important probability distribution in
statistics ia the normal distribution.

A normal distribution is a continuous probability
distribution for a random variable, x. The graph ofa
normal distribution is called the normal curve.
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If xis a continuous random variable having a normal
distribution with mean p and standard deviation g, you
can graph a normal curve with the equation
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A normal distribution can have any mean and
any positive standard deviation.
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deviation: o~ 1.3 deviation: o= 1.9

The tard deviation deacribes the spread of the data

Example.
1. Which curve has the greater mean?
2, Which curve has the greater standard deviation?

The line of symmetry of curve A occurs at x= 5. The line of symmetry
of curve Boccurs at ¥=9. Curve Shas the greater mean.

Curve His more apread out than curve A, so curve Fhas the greater
standard deviation.

Exampls:
The heights of fully grown magnolia bushes are normally
distributed. The curve represents the distribution, What
is the mean height of a fully grown magnolia bush?
Estimate the standard deviation
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The heights of the magnolia bushes are normally
distributed with a mean height of about 8 feet and a

standard deviation of about 0.7 feet.

If each data value of & normally distributed random
variable xis transformed into a 2score, the result will be
the standard normal distribution.

‘Tho arces that falls in tha intorval umbor
tho nonstandanl nermal curvo (the x-
values) in the sama ns the arca undar
tho standand normal curve (within the
vorresponding »boundaries)
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After the formula is used to transform an x-value into a
zscore, the Standard Normal Table in Appendix B is
used to find the cumulative area under the curve.

The standard normal distribution is a normal distribution
with a mean of 0 and a standard deviation of 1,

‘The honizontal scale
corresponds to aacores.
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Any value can be tranaformed into a zscore by using the

formula =, velue-Mean _.r.n
tandar| eviation [+

Proparties of the Standard Normal Distribution
i 1. The cumulative area is closa o 0 for s-acorea closa to £=-3.49,
2. The cumulative area increases as the sacores increase.
3. The cumulative area for r= 0 is 0.5000.
4. Thecumulative area is close to 1 for #acores close to 2= 3.49 |

Arca s close to |

B
z=-1.48 1™ psgan

Arca is closo 10 0.




Example
Find the cumulative area that corresponds to a zscore
of 2,71,

; Appandix B: Standanl Normal Tobla
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Find the area by finding 2.7 in the left hand column, and
then moving across the row to the column under 0.01.

The area to the left of z=2.71 is 0.9966.

Finding Areas Under the Standard Normal Curve
1. Sketch the standard normal curve and shade the
appropriate area under the curve,
2, Find the area by following the directions for each case
shown.
a. Tb find the area to the fefiof £, find the area that
corresponds to £in the Standard Normal Table.
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Example:
Find the cumulative area that corresponds to a zacore
of -0.25.

Appondis I3 Standard Normal Talle }
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Find the area by finding -0.2 in the left hand eolumn, and
then moving acrosa the row to the column under 0.05.

The area to the left of z=-0,25 is 0.4013

Finding Areas Under the Standard Normal Curve

b. To find the area to the rightof £ use the Standard
Normal Table to find the area that corresponds to =
Then subtract the area from 1.

2. Bublract ta find the ares ta
e righi of £= | 23
1-0.8007 =0.1002.

Finding Areas Under the Standard Normal Curve

¢. Tofind the area befween two zscores, find the area
corresponding to each »score in the Standard
Normal Table. Then subtract the smaller area from
the larger area,
zk.?::?g' l-hnﬂ.nhnmmun
1400607, acores

L) ~ 0.Z20 = 06841,
3. The areatothe bRt
ofge 0. T3 s
0.228,

4. Subtract 1o find the area of

-ﬁ..ﬂ L] 11

1. U the table La find the ares for
the acare.

Example:
Find the area under the standard normal
curve to the left of z=-2.33.

Always draw
the curve!

¥ ¥
B .

From the Standard Normal Table, the area is
equal to 0.0099




Find the area under the standard normal
curve to the right of z= 0.94.

Always draw
the curve!

0.82§4
1-0.8264=0,1736

From the Standard Normal Table, the area is equal to
0.1736.

Assignment
Pages: 242-245

Problems: 12-16,18-36 evens,
and 42-56 evens

Example:
Find the area under the standard normal
curve between z=-1.98 and z= 1.07.

Always draw
0.8577 the curve!

0.8577 ~ 0.023% = 0.8338

From the Standard Normal Table, the area is equal to
0.8338.

For=a et

§5.2

Normal Distributions:
Finding Probabilities

If a random variable, x, is normally distributed,
you can find the probability that x will fall in a
given interval by calculating the area under the
normal curve for that interval.

—
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—

Normal Distribution Standard Normal Distribution
n= 10 p= [
o=5 o=l
Ax< 15} Azl
[ P I

T £ — &
T a0
Same area

HAx<15) = Az< 1) = Shaded area under the curve

=0.8413




Example:

The average on a statistics test was 78 with a standard
deviation of 8. If the teat scores are normally distributed,
find the probability that a student receives a test score

less than 90. -
B= _Xx-p_90-7
o=8 EERTE
Lx<80) =18
\ The probability that a
- - x  student reccivesa test
u=g 00 score less than 90 is
w13 * 09332,

Ax<50) = Az< 1.6 =08332

Example:

The average on a statistics test was 78 with a standard
deviation of 8. If the test scores are normally distributed.
find the probability that a student receives a test score

between 60 and 80. feizie sné'm =.2.95

R60<r<B0) £ IzH80-T8 =25
p=18 a 8
o=8
‘The probability that o
! = x student receives a test
60 p=78B0 score between GO and 30
s .
s is 0.5865.

FED<x<B0)= A-225<z<0.25)= Az <0 25) - Ar<-225)
= 0.5987 - 0.0122 = 0.5865

_

§ 5.3

Normal Distributions:
Finding Values

—

Example
‘The average on a statistics test was 78 with a standard
deviation of 8. If the test scores are normally distributed,
find the probability that a student receives a test score
greater than than 85.

o=8 =0.876 = 0.88
Fif el 1n]
The probability that a
— x tudent receives a test
B =TH B3 score greater than 85 is
a0 088 * 0.1894.

HAx>§6)= Az>0.88=1- Az<0.88) =1 -0.8106 = 0.1894

Assignment

Pages: 249-250
Problems: 2-16 evens

Find the zscore that corresponds to a cumulative area

of0.9973. Appondic B Standunl Normal Table &
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Find the »score by locating 0.9973 in the body of the Standard
Normal Table. The values at the beginning of the
corresponding row and at the top of the eolumn give the 2score

The sacore is 2,78,




Example:
Find the zscore that corresponds to a cumulative area

Find the »score by locating 0.4170 in the body of the Standard
Normal Table, Use the value closest to 0.4170.

The #score is -0.21.

0f 0.4170,
Appemdtix B Standard Normal Tablo 4
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Example:
Find the zscore that corresponds to P,

Area =0.76

e\

p=0 067

The >score that corresponds to 2 is the same #score that
corresponds to an area of 0.75.

xr

The sscore ia 0.67.

To transform a standard z-score to a data value, x, in
a given population, use the formula

X=u+tzo

Example:

The monthly electric bills in a city are normally distrbuted
with a mean of $120 and a standard deviation of $16. Find
the r-value corresponding to o #score of 1.60.

x=u+tzo
=120 +1.60(16}
=145.6

We can conclude that an electric bill of $145 60 is 1.6 standard
deviations above the mean.

Assignment
Pages: 257
Problems: 2-28 evens

——————————

Example:

The weights of bags of chips for a vending machine are
normally distributed with a mean of 1.25 ounces and a
standard deviation of 0.1 ounce. Bags that have weights in
the lower B% are too light and will not work in the machine,
What is the least a bag of chips can weigh and still work in the

machine? Hz<? =008
e Az<-141) =0.08

R Btz
Yl =1.25+(-1.410.1
=111

The least a bag can weigh and still work in the machine is 1,11 ounces,

e = S T s——
SR R it e wra|
§5.4

Sampling Distributions
and the Central Limit
Theorem




A sampling distribution is the probability distribution of a
sample statistic that is formed when samples of eize nare
repeatedly taken from a population

Population

If the sample statistic is the sample mean, then the
distribution is the sampling distribution of sample means.

The sampling distribution consiats of the values of the

sample means, o5 E.LTLE,.

Properties of Sampling Distributions of Sample Means
1. The mean of the sample means, Hp, i8 equal to the population

He =

2. The standard devintion of the sample means, g, is equal to the

population standard deviation, ;7 divided by the square root of n.
g
o, =
*n
The standard deviation of the sampling distribution of the sample
means is called the standavd sxvor of the mean.

Example:
The population values |5, 10, 15, 20} are written on slips of
paper and put in a hat. Two alipa are randomly selected, with

replacement,
a. Find the mean, standard deviation, and varisnce of the
population
E.QDBéﬂﬁQn H=1256
10 o650
15
0 a*=3125

Capgenuead.

Example continued:
The population values {5, 10, 15, 20} are written on slips of
paper and put in a hat. Two slips are randomly selected, with
replacement.
b. Graph the probability histogram for the population
values.
Al Probability Histogram
of Populstion of =
0.25
s This wniform distribution
= shows that all values have
:3 the same probability of
£ heing selected.
= x
510 15 20
Papulation valuss Continued.

Example continued.
The population values |5, 10, 15, 20} are written on slips of
paperand put in a hat. Two slips are randomly selected, with
replacement,
¢ List all the possible aamples of size #= 2 and calculate
the mean of each.

Sample |Bample mesn, ¥ Bampls | Bampls mean, ¥
b.6 f I6. b 1 These means
b, 10 7.5 16, 10 136 farm the
[ 10 165, 156 16 li
b. 20 14,6 16, 20 1.5 distributionol
10, 6 160 20,6 125 tho sample
10, 10 10 20, 10 13 means.
10. 16 12,5 20, 1h 17.5
10. 20 15 20, 20 2}

Continuel.




Example continued.
The population values {5, 10, 15, 20} are written on slips of
paperand put in a hat. Two slipe are randomly selected, with
replacement.

d. Create the probability distribution of the sample

means

[Probability
00625

0.1250 | Probability Distribution
0.1875 of Sample Maans

03K
0.187h
0.1250
00525

x
&

.5
iy
14,5
16
17.5
20

X [N ] P Y

L L

If a sample of size n = 30 is taken from a population with
any type of distributionthat has 8 mean = p and standard
deviation =g, /

H
the sample mernswill have a normal distribution.

In either case, the sampling distribution of sample means
has a mean equal to the population mean.

_ Mean of the
He=H sample means

The sampling distribution of sample means has a standard
deviation equal to the population standard deviation
divided by the square root of .

O Standard deviation of the
sample means

O =

p:

This s also called the

standard error of the mean

Example continued:
The population values {5. 10, 16, 20} are written on slips of
paper and put in a hat. Two slips are randomly selected, with
replacement,

e, Graph the probability histogram for the sampling

distribution,
A Probability Histogram of
oz; | Bempling Distribution
o | ptt [ S
24 e | leal The shape of the graph 18
| ' symmetric and bell shaped.
£oiog | —l X It approximates o normal
oo f 1AL 1| | ], dstribution.
1

t
f TA 10 125 )5 176 20
Sample maay

If the population itself is normally distributed with
mesan = g and standard deviation =&,

X

' X
H

the sample meanswill have a normal distribution for
anysample size n.

Example:

The heights of fully grown magnolia bushes have a mean
height of 8 feet and a standard deviation of 0.7 feet. 38
bushes are randomly selected from the population, and
the mean of each sample is determined. Find the mean
and standard error of the mean of the sampling

distribution,
shributon Standard deviation
Mean (standard error)
g
Hy=H gy =
i 7;

=-3}% =0.11

Continued.



Example continued

The heights of fully grown magnolia bushes have a
mean height of 8 feet and a standard deviation of 0.7
feet, 38 bushes are randomly selected from the
population, and the mean of each sample is determined.

The mean of the sampling distribution is 8 feet ,and the
standard error of the sampling distribution is 0.11 feet.

From the Central Limit Theorem,

because the sample size is greater

than 30, the sampling distribution -

can be approximated by the Té 8 84
normal distribution =8 g 20,11

Example:

The heights of fully grown magnolia bushes have a
mean height of § feet and a standard deviation of 0.7
feet. 38 bushes are randomly eelected from the
population. and the mean of each sample is determined.

The mean of the sampling distribution
is 8 feet, and the standard error of B=8 n=3
the sampling distribution is .11 feet. 4 =0N

Find the probability that the
mean height of the 38 bushes is
leas than 7.8 feet.

76l 6 04
T8

Continued

TDTOLIATE

Example continued.:
Find the probability that the mean height of the 38
bushes is lesa than 7.8 feet.

Hr=8 n=38
gy =1l "
P8 "'='T,'E‘
P r
76| 8 84 _178-8
8 0.1
— F
: =-182

Plr<78) = P(z<-1.82) =0.0344

The probability that the mean height of the 38 busheais
less than 7.8 feet 1s 0.0344.

Example

The average on a statistics test was 78 with a standard
deviation of 8. If the test scores are normally distributed,
find the probability that the mean score of 25 randomly
selected students is between 76 and 79.

Hy =78 z=i-&=75_78=-188
o g b a, 1.6
= = =16
I

P16 <X « 70]

2= __.E—"; = 7__9'?673 =0.63

T

=1.84 0043 Continuml

A5 <2< 70 = H-188< z <0.63}= Rz<003) - Hr<-188)
= 0.7357 - 0.0301 = 0.7056

Approximately 70.66% of the 26 students will have a mean
score between 75 and 79.

Example:

The population mean salary for auto mechanics is

4= 834,000 with a standard deviation of &= $2,500. Find
the probability that the mean salary for a randomly selected
sample of 60 mechanics is greater than $35,000,

#y = 34000 N
op= L= B0 _aeaes sed e 243
Ja R g
PO¥>36000k= Ple> 2 8= - Plz<2ED)
=1-09977 = 00020

The prebability vhat the mean

+—t T salary for o randomby selecied
4000 35000 ,  wampleof 50 mechamics i

0 A1 greater than $45.000 s 0.0020




The population mean salary for auto mechanics is

4= 534,000 with a standard deviation of o= §2,500. Find
the probability that the salary for ohe randomly selected
mechanic is greater than $35,000,

{Notice that the Central Limit Theorem does not apply.)

2 =34000 = I;E = 350020."‘0304000 =04
a = 2500
Ply> 15000} = Ple>04)=1 - Pz<04)
=] - 0666 =0.11446

—t ¥ The jrrobability that the salary
Q000 35000 . fzr ona mechanic is greator
P than $35.000 is 0.3446.

e o e T |
i = e Rl o e B e |
Assignment

Pages: 269-271
Problems: 2-24 evens; skip 14

Exampla

The probability that the salary for one randomly selected
mechanic is greater than $35,000 is 0.3446. In a group of
50 mechanics, approximately how many would have a
salary greater than $35,000?

This also means that 34 46% of
Ax> 35000} =0.3446  mechanics have n salary greater than
$35,000.,

34.46% of 60 = 0.3446 x 50 = 17.23

You would expect about 17 mechanics out of the group
of 50 to have a salary greater than $35,000.

—

§5.5

Normal Approximations to
Binomial Distributions

[Uting the Normul Distribution 1o Appraximate Binomial Probabilities

In Werds it Symbals
1. Verify that the hinomial distxibution applies. Specify 5, p, and g.
2. Determina if you can use the normal 1s np= 87
distribution t0 appreximate x, the binomial 1s ngz 57
. variable.
3. Find the mean 4 and standard deviatione panp
for the distribution. o= apg

4. Apply the appropriate continuity correction.

Shade the corresponding area under the Add or subtract 0.5
normal eurve. from endpaints.
5. Find the corresponding »valuels), rm il
§. Find the probability. Use the Standard
Norma! Table.

The normal distribution is used to approximate the
binomia] distribution when it would be impractical
to use the binomial distribution to find a probability.

I Normal Approximation to a Binomial Diatribution |
If np2 6 and ng2 6, then the binomial random variable x
is approximately normally distributed with mean

H=np
and standard deviation

o =.Jnpg. |
e e T e e

10



Example:
Decided whether the normal distribution to approximate x
may be used in the following examples.
1. Thirty-six percent of people in the United Statea own
a dog. You randomly select 25 people in the United
States and ask them if they own a dog.

np=4{25)0.36)=9 Because npand ngare greater than 5,
ng = @5)0.64) =16 the normal distribution may be used.

L

. Fourteen percent of people in the United States own
a cat. You randomly select 20 people in the United
States and ask them if they own a cat.

np={20){0.14)=28 Because npis pot greater than §, the
ng=(20)(0.86)=17.2 normal distribution may NOT be used.

The binomial distribution is discrete and can be represented
by a probability histogram.

Exnct binowmlal To calculate exact binomial probabilities,
Probabilizy the binomial formula is used for each
value of xrand the results ore added,
Normal
approximation

He-0fis gepeih)

o

When using the continucus
normal distribution to approximate a binomial
distsibution. move 0.5 unit to the left and right of the
midpoint to include all possible x-values in the interval.

Thie ia called the correction for continuity.

=087 ¢ e+ 08

Example
Use a correction for continuity to convert the binomial
intervals to & normal distribution interval.
1. The probability of getting between 125 and 145
successes, inclusive.
The discrete midpoint values are 125, 126, .., 145,
The continuous interval is 124 5 < x< 1455

o

. The probability of getting exactly 100 successes.
The discrete midpoint value is 100,
The continuons interval is 99.5 < x < 100.5.

3. The probability of getting at least 67 auccesses.
The discrete midpoint values are 67, G8, ...
The continuous interval is x> 66.5.

A survey reports that forty-eight percent of US citizens own
computers. 45 citizens are randomly selected and asked
whether he or she owns a computer. What is the probability
that exactly 10 say yes?

np=(AGHDABY=12 | p=t2

ng=(EN0ED =234 o = Japg = JISEHOABID 63) = 3 16

HA35< x<105) = A-076<2<-045) a2
Co . = 00997
continuity

The probability that exactly 50 11
10 US citizens own a computer is 0.0997.

Exampls:

Thirty-one percent of the seniors in a certain high school plan to
attend college. If 50 students are randomly selected, find the
probability that less than 14 students plan to attend college

np=(GOK0ED =156} Tho variablo x is approximately normally
ng=(G00.A9 = 3.5 distributed with u= pp = 16.6 and

o= anq = JEM0. D06 =327,
HAx<13.6) = Az <-0.61)

Correctionfor =0.2709
continuity
PRy ' 13.35.;!‘.5.5 %81 .

0 15 0
The probability that lass than 14 plan to attend college is D 2079,

e e e s

Assignment
Pages: 281-282
Problems: 1-8 all,10-20 evens
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